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Abstract

A few rational expectations models and their solutions. All in
discrete time.

1 Cagan Model, Deterministic

1.1 Equations

Fisher Equation : rt = r
¤ + Et(pt+1 ¡ pt)

Money Demand : mt ¡ pt = ¡°rt
° > 0; to solve for pt

1.2 Solution

1.2.1 Method of Iterated Expectations

3 steps:
1. RF for the interest variable.
2. Expectation of the RF for t+ i.
3. Substitution between 1. and 2.
1. Reduced form for pt:

mt ¡ pt = ¡° (r¤ + Et(pt+1 ¡ pt))
¡pt = ¡° (r¤ + Etpt+1 ¡ pt)¡mt
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pt + °pt = °r + °Etpt+1 +mt

pt =

Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

!
Etpt+1 +

Ã
1

1 + °

!
mt

2. Expectation of this equation for Etpt+i:

Etpt+i =

Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

!
EtEt+ipt+i+1 +

Ã
1

1 + °

!
Etmt+i

Etpt+i =

Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

!
Etpt+i+1 +

Ã
1

1 + °

!
Etmt+i

and by analogy:

Etpt+i+1 =

Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

!
Etpt+i+2 +

Ã
1

1 + °

!
Etmt+i+1

Etpt+i+2 =

Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

!
Etpt+i+3 +

Ã
1

1 + °

!
Etmt+i+2

...

solve by substitution:

Etpt+i =

Ã
°

1 + °

!
r¤ +

Ã
1

1 + °

!
Etmt+i +

Ã
°

1 + °

!
¢

"Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

!
Etpt+i+2 +

Ã
1

1 + °

!
Etmt+i+1

#

Etpt+i =

2
4

Ã
°

1 + °

!
+

Ã
°

1 + °

!23
5 r¤ +

Ã
°

1 + °

!2
Etpt+i+2

+

Ã
1

1 + °

! "
Etmt+i +

Ã
°

1 + °

!
Etmt+i+1

#

Etpt+i =

2
4

Ã
°

1 + °

!
+

Ã
°

1 + °

!2
+

Ã
°

1 + °

!33
5 r¤ +

Ã
1

1 + °

!
¢
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2
4Etmt+i +

Ã
°

1 + °

!
Etmt+i+1 +

Ã
°

1 + °

!2
Etmt+i+2

3
5

+

Ã
°

1 + °

!3
Etpt+i+3

...

Etpt+i = °r¤ +

Ã
1

1 + °

! 1X

j=0

Ã
°

1 + °

!j
Etmt+i+j

3. Plug Etpt+1 in pt:

pt =

Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

!
Etpt+1 +

Ã
1

1 + °

!
mt

pt =

Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

! 2
4°r¤ +

Ã
1

1 + °

! 1X

j=0

Ã
°

1 + °

!j
Etmt+1+j

3
5

+

Ã
1

1 + °

!
mt

pt = °r¤ +

Ã
1

1 + °

! 1X

j=0

Ã
°

1 + °

!j+1
Etmt+1+j +

Ã
1

1 + °

!
mt

pt = °r¤ +

Ã
1

1 + °

! 2
4mt +

1X

j=1

Ã
°

1 + °

!j
Etmt+j

3
5

1.2.2 Method of U.C.

5 steps:
1. RF for the interest variable.
2. Hypothesis.
3. Substitution.
4. Elimination.
5. Substitution.
1. Reduced form for pt:

pt =

Ã
°

1 + °

!
r¤ +

Ã
°

1 + °

!
Etpt+1 +

Ã
1

1 + °

!
mt

3



2. Hypothesis for the solution of pt with U.C.:

pt = ½+
1X

i=0

¹imt¡i +
1X

j=1

¸jEtmt+j

the same hypothesis for pt+1:

pt+1 = ½+
1X

i=0

¹imt¡i+1 +
1X

j=1

¸jEt+1mt+1+j

and its expected expression:

Etpt+1 = ½+
1X

i=0

¹iEtmt¡i+1 +
1X

j=1

¸jEtEt+1mt+1+j

= ½+ ¹0Etmt+1 +
1X

i=1

¹imt¡i+1 +
1X

j=1

¸jEtmt+1+j

3. Plug pt and Etpt+1 in the reduced form:

1X

i=0

¹imt¡i +
1X

j=1

¸jEtmt+j =

Ã
°

1 + °

!
r¤ +

Ã
1

1 + °

!
mt ¡ ½

+

Ã
°

1 + °

! 2
64

½+ ¹0Etmt+1

+
P1
i=1 ¹imt+1¡i

+
P1
j=1 ¸jEtmt+1+j

3
75

4. Everything equals zero except the mt multiplicators:

¹0mt =

Ã
1

1 + °

!
mt +

Ã
°

1 + °

!
¹1mt

¹0 =

Ã
1

1 + °

!
+

Ã
°

1 + °

!
¹1

the same for mt¡i:
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¹imt¡i =

Ã
°

1 + °

!
¹i+1mt¡i

¹i =

Ã
°

1 + °

!
¹i+1

¹i¡1 =

Ã
°

1 + °

!
¹i

¹i =

Ã
1 + °

°

!
¹i¡1

¹i =

Ã
1 + °

°

! Ã
1 + °

°

!
¹i¡2

...

¹i =

Ã
1 + °

°

!i¡1
¹1

the same for Etmt+j:

¸jEtmt+j =

Ã
°

1 + °

!
¸j¡1Etmt+j

¸j =

Ã
°

1 + °

!
¸j¡1

¸j =

Ã
°

1 + °

! Ã
°

1 + °

!
¸j¡2

...

¸j =

Ã
°

1 + °

!j¡1
¸1

the same for cst:

0 =

Ã
°

1 + °

!
r¤ ¡ ½+

Ã
°

1 + °

!
½

0 = °r¤ ¡ (1 + °) ½+ °½
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0 = °r¤ ¡ ½¡ °½+ °½
0 = °r¤ ¡ ½
½ = °r¤

5. Rewrite the assumption with the new results:

pt = ½+
1X

i=0

¹imt¡i +
1X

j=1

¸jEtmt+j

pt = ½+ ¹0mt +
1X

i=1

¹imt¡i +
1X

j=1

¸jEtmt+j

pt = °r¤ +

"Ã
1

1 + °

!
+

Ã
°

1 + °

!
¹1

#
mt

+
1X

i=1

Ã
1 + °

°

!i¡1
¹1mt¡i

+
1X

j=1

Ã
°

1 + °

!j¡1
¸1Etmt+j

To remove the explosive behaviour, assume that ¹1 = 0; because
³
1+°
°

´i¡1

exploses. So, ¹0 =
³

1
1+°

´
. And then, calculate ¸1; if everything equals

zero, except the Etmt+1 multiplicators , then, ¸1Etmt+1 =
³

°
1+°

´
¹0Etmt+1.

¸1 =
³

°
1+°

´
¹0 so ¸1 =

°

(1+°)2
.

pt = °r¤ +

Ã
1

1 + °

!
mt +

1X

j=1

Ã
°

1 + °

!j¡1
°

(1 + °)2
Etmt+j

pt = °r¤ +

Ã
1

1 + °

!
mt +

Ã
1

1 + °

! 1X

j=1

Ã
°

1 + °

!j
Etmt+j

pt = °r¤ +

Ã
1

1 + °

! 2
4mt +

1X

j=1

Ã
°

1 + °

!j
Etmt+j

3
5

1.3 Simulations

² mt = ¹m; 8t. The price level, the nominal interest rate, and the real
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balance in SS are then:

pt = °r¤ +

Ã
1

1 + °

! 2
4 ¹m+ ¹m

1X

j=1

Ã
°

1 + °

!j3
5

pt = °r¤ +

Ã
1

1 + °

! 2
4 ¹m

0
@1 +

1X

j=1

Ã
°

1 + °

!j1
A

3
5

pt = °r¤ +

Ã
1

1 + °

!
[ ¹m (1 + °)]

pt = °r¤ + ¹m

rt = r¤ + Et(pt+1 ¡ pt)
rt = r¤

mt ¡ pt = ¹m¡ °r ¡ ¹m = ¡°r

² mt = m0 + ¹t. The price level, the nominal interest rate, and the real
balance in SS are then:

pt = °r¤ +

Ã
1

1 + °

! 2
4mt +

1X

j=1

Ã
°

1 + °

!j
Etmt+j

3
5

pt = °r¤ +

Ã
1

1 + °

! 2
4m0 + ¹t+

1X

j=1

Ã
°

1 + °

!j
(m0 + ¹ (t+ j))

3
5

pt = °r¤ +

Ã
1

1 + °

!
2
66664

m0 +m0
P1
j=1

³
°
1+°

´j

+¹t+
P1
j=1

³
°
1+°

´j
¹t

+
P1
j=1

³
°
1+°

´j
¹j

3
77775

pt = °r¤ +

Ã
1

1 + °

!
2
664

m0 (1 + °)
+¹t (1 + °)

+¹
P1
j=1 j

³
°
1+°

´j

3
775
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pt = °r¤ +

Ã
1

1 + °

!
[m0 (1 + °) + ¹t (1 + °) + ¹ (1 + °) °]

pt = °r¤ +m0 + ¹t+ ¹°

pt = ° (r¤ + ¹) +m0 + ¹t

pt = mt + ° (r
¤ + ¹)

rt = r¤ + Et(pt+1 ¡ pt)
rt = r¤ + [(° (r¤ + ¹) +m0 + ¹ (t+ 1))¡ (° (r¤ + ¹) +m0 + ¹t)]

rt = r¤ + ¹ (t+ 1)¡ ¹t
rt = r¤ + ¹

mt ¡ pt = m0 + ¹t¡ ° (r¤ + ¹)¡m0 ¡ ¹t
mt ¡ pt = ¡° (r¤ + ¹)

² mt = m0 (1 + ¹)
t. The price level, the nominal interest rate, and the

real balance in SS are then:

pt = °r¤ +

Ã
1

1 + °

! 2
4mt +

1X

j=1

Ã
°

1 + °

!j
Etmt+j

3
5

pt = °r¤ +

Ã
1

1 + °

! 2
4 m0 (1 + ¹)

t

+
P1
j=1

³
°
1+°

´j
m0 (1 + ¹)

t+j

3
5

pt = °r¤ +

Ã
1

1 + °

! 2
4 m0 (1 + ¹)

t

+
P1
j=1m0

³
°(1+¹)
(1+°)

´j
(1 + ¹)t

3
5

pt = °r¤ +

Ã
1

1 + °

!
m0 (1 + ¹)

t

2
41 +

1X

j=1

Ã
° (1 + ¹)

(1 + °)

!j3
5

pt = °r¤ +

Ã
1

1 + °

!
m0 (1 + ¹)

t

2
4 1

1¡ °(1+¹)
(1+°)

3
5
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pt = °r¤ +

Ã
1

1 + °

!
m0 (1 + ¹)

t

"
(1 + °)

1¡ °¹

#

pt = °r¤ +m0 (1 + ¹)
t

Ã
1

1¡ °¹

!

pt = °r¤ +mt

Ã
1

1¡ °¹

!

pt+1 ¡ pt = °r¤ +mt+1

Ã
1

1¡ °¹

!
¡ °r¤ ¡mt

Ã
1

1¡ °¹

!

pt+1 ¡ pt =

Ã
1

1¡ °¹

!
(mt+1 ¡mt)

pt+1 ¡ pt = mt

Ã
¹

1¡ °¹

!

rt = r¤ + Et(pt+1 ¡ pt)

= r¤ +mt

Ã
¹

1¡ °¹

!

mt ¡ pt = m0 (1 + ¹)
t ¡ °r¤ ¡m0 (1 + ¹)

t

Ã
1

1¡ °¹

!

= m0 (1 + ¹)
t

"
1¡

Ã
1

1¡ °¹

!#
¡ °r¤

= m0 (1 + ¹)
t

"
¡°¹
1¡ °¹

#
¡ °r¤

= mt

Ã
°¹

°¹¡ 1

!
¡ °r¤

2 Method of U.C. Money Demand and Sup-

ply, Stochastic

2.1 Equations

Money Demand : mt ¡ pt = ° + ® (Etpt+1 ¡ pt) + ut
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Money Supply : mt = ¹0 + ¹1mt¡1 + et
® < 0

j¹1j < 1; to solve for pt

2.2 Solution U.C.

1. Reduced form:

¡pt = ° + ® (Etpt+1 ¡ pt) + ut ¡ (¹0 + ¹1mt¡1 + et)

pt = ¡° ¡ ®Etpt+1 + ®pt ¡ ut + ¹0 + ¹1mt¡1 + et

pt =
µ

1

1¡ ®
¶
(¹0 ¡ °)¡

µ
1

1¡ ®
¶
®Etpt+1

+
µ

1

1¡ ®
¶
¹1mt¡1 +

µ
1

1¡ ®
¶
(et ¡ ut)

2. Hypothesis for the solution of pt:

pt = ¼0 + ¼1mt¡1 + ¼2et + ¼3ut

pt+1 = ¼0 + ¼1mt + ¼2et+1 + ¼3ut+1

Etpt+1 = ¼0 + ¼1mt

Etpt+1 = ¼0 + ¼1 (¹0 + ¹1mt¡1 + et)

3. Substitution

pt =
µ

1

1¡ ®
¶
(¹0 ¡ °)¡

µ
1

1¡ ®
¶
®Etpt+1

+
µ

1

1¡ ®
¶
¹1mt¡1 +

µ
1

1¡ ®
¶
(et ¡ ut)

¼0 =
µ

1

1¡ ®
¶
(¹0 ¡ °)¡

µ
®

1¡ ®
¶
(¼0 + ¼1¹0 + ¼1¹1mt¡1 + ¼1et)

+
µ

1

1¡ ®
¶
¹1mt¡1 +

µ
1

1¡ ®
¶
(et ¡ ut)

¡¼1mt¡1 ¡ ¼2et ¡ ¼3ut
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4. Everything equals zero except the cst multiplicators:

¼0 =
µ

1

1¡ ®
¶
(¹0 ¡ °)¡

Ã
® (¼0 + ¼1¹0)

1¡ ®

!

(1¡ ®) ¼0 = ¹0 ¡ ° ¡ ®¼0 ¡ ®¼1¹0
¼0 = ¹0 (1¡ ®¼1)¡ °

the same for mt¡1:

0 = ¡
µ

®

1¡ ®
¶
¼1¹1mt¡1 +

µ
1

1¡ ®
¶
¹1mt¡1 ¡ ¼1mt¡1

0 =
µ ¡®
1¡ ®

¶
¼1¹1 +

µ
1

1¡ ®
¶
¹1 ¡ ¼1

0 = ¡®¼1¹1 + ¹1 ¡ ¼1 (1¡ ®)
¹1 = ¼1 [®¹1 + (1¡ ®)]
¼1 =

¹1
1¡ ® + ®¹1

recalculate ¼0:

¼0 = ¹0 (1¡ ®¼1)¡ °

¼0 = ¹0

Ã
1¡ ®

Ã
¹1

1¡ ®+ ®¹1

!!
¡ °

¼0 =
¹0 (1¡ ®)
1¡ ®+ ®¹1

¡ °

the same for et:

0 = ¡
µ

®

1¡ ®
¶
¼1et +

µ
1

1¡ ®
¶
et ¡ ¼2et

0 = ¡
µ

®

1¡ ®
¶
¼1 +

µ
1

1¡ ®
¶

¡ ¼2
0 = ¡®¼1 + 1¡ ¼2 (1¡ ®)

¼2 =
1¡ ®¼1
(1¡ ®) =

1¡ ®
³

¹1
1¡®+®¹1

´

(1¡ ®)
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¼2 =
1

1¡ ® + ®¹1
the same for ut:

0 =
µ

1

1¡ ®
¶
(¡ut)¡ ¼3ut

0 =
µ ¡1
1¡ ®

¶
¡ ¼3

¼3 =
¡1
1¡ ®

5. Rewrite the assumption with the new results:

pt = ¼0 + ¼1mt¡1 + ¼2et + ¼3ut

pt =

Ã
¹0 (1¡ ®)
1¡ ®+ ®¹1

¡ °
!
+

Ã
¹1

1¡ ®+ ®¹1

!
mt¡1

+

Ã
1

1¡ ® + ®¹1

!
et +

µ ¡1
1¡ ®

¶
ut

pt =

Ã
¹0 (1¡ ®)
1¡ ®+ ®¹1

!
¡ ° +

Ã
¹1mt¡1

1¡ ®+ ®¹1

!

+

Ã
et

1¡ ® + ®¹1

!
¡

µ
ut
1¡ ®

¶

pt =
¹0 (1¡ ®) + ¹1mt¡1 + et

(1¡ ® + ®¹1)
¡ ° ¡

µ
ut
1¡ ®

¶

2.3 Simulations

² et = ut = 0 so mt = ¹0 + ¹1mt¡1.

mt = ¹0 + ¹1mt¡1
mt = ¹0 + ¹1 (¹0 + ¹1mt¡2)

mt = ¹0 + ¹1 (¹0 + ¹1 (¹0 + ¹1mt¡3))
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...

mt = ¹0 + ¹1¹0 + ¹
2
1¹0 + ¹

3
1mt¡3

mt =
¹0

1¡ ¹1

pt =
¹0 (1¡ ®) + ¹1

³
¹0
1¡¹1

´

(1¡ ®+ ®¹1)
¡ °

pt =
¹0

h
(1¡®)(1¡¹1)+¹1

(1¡¹1)

i

(1¡ ®+ ®¹1)
¡ °

pt =
¹0

(1¡ ¹1)
¡ °

² et = ut = ¹1 = 0 so mt = ¹0.

pt =
¹0 (1¡ ®) + ¹1mt¡1 + et

(1¡ ® + ®¹1)
¡ ° ¡

µ
ut
1¡ ®

¶

pt =
¹0 (1¡ ®) + ¹1¹0
(1¡ ®+ ®¹1)

¡ °
pt = ¹0 ¡ °
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