RATIONAL EXPECTATIONS MODELS

Nicolas A. CUCHE
April 11, 1999

Abstract

A few rational expectations models and their solutions. All in
discrete time.

1 Cagan Model, Deterministic

1.1 Equations

Fisher Equation : 7, =7r"+ Ei(pry1 — pr)
Money Demand : my —py = —yry
v > 0, to solve for p;

1.2 Solution
1.2.1 Method of Iterated Expectations

3 steps:
1. RF for the interest variable.
2. Expectation of the RF for t + i.
3. Substitution between 1. and 2.
Reduced form for p;:

my—pr = —y (" + Ei(prs1 — pr))
o = ="+ Epe — o) —my
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petape = Y+ YEpi +my

= 0 r* 4 T Etpt+1+<;> my
pe = 1+ 1+ 1+~

Expectation of this equation for Ejp;y;:
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Plug Eipy1 in py:
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Dt (1_1_7) (14_7) tPt+1 ( 11 > t
i
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Pt = L T* + | — ’)/71 + i th_ 1+j
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1.2.2 Method of U.C.

5 steps:
1. RF for the interest variable.
2. Hypothesis.
3. Substitution.
4. Elimination.
5. Substitution.
Reduced form for p;:

Dy = T r* 4 T Eipi1 + L my
1+~ 1+~ 147



Hypothesis for the solution of p, with U.C.:
Dt =p+ 2#1‘77%—1‘ + il NiEymyy
i= =
the same hypothesis for p;i1:
D41 = P+ 2Mimt—i+l + il AN amygay
i= =

and its expected expression:

Epyr = p+ Z pikgmy i1 + Z NE B amy

i=0 j=1

= p+ poEymy + Z,uimt—HJ + Z ANjEymyg 14
i=1 j=1

Plug p; and E;p;,; in the reduced form:

< o Y\ 1
Mot Y NEmyy = — ) m -
Z,umt +Z G LM 4 ( >T +<1+7>mt P

i=0 j=1 L+7

~ p+ poLimyiia
+ (r) + 2220 MM
Y + 2200 A Em

Everything equals zero except the m,; multiplicators:

o = (e (o
- () (e

the same for my;_;:



Y
HiMiy—; = (m) Mt 11—
_ (Y,
Hi = (1 +’Y> ,UH—I
_ (),
i1 = (1 +’Y> i
1+~
M = (T) Hi—1
. <1+’y> 1—|—’y>,u )
' v v
i—1
1+~
Hi = (T) 241
the same for Eym,
Y
)\jEtmt+j = (m) )\J_lEtmt+J
Y
A= |[—— | Al
J <1+,y> Jj—1
Y Y
A = Al
: (1 +7> L +7> o
j—1
Y
A= | —— A
J (1 +7> 1

the same for cst:

Y * Y
0 — _— J— + [
<1+’y>r P <1+’y>p

0 = " =(1+7)p+p
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0 = " —p—qp+p
0 = y"—p
p o= qr
Rewrite the assumption with the new results:

P = p+ Z iy + Z AjEymy

i=0 j=1

Pr = P+ Hommy + Z,uimt—i + Z AjEemy
i=1 =1

. 1 o
= "+ + m
" l(l )> (1 )>’u1] t

i1
+Z <—7> Py

i—1 v

%0 j-1
g
+2. (m) AL By

j=1

i—1
To remove the explosive behaviour, assume that j; = 0, because (1—;“’1)1

exploses. So, py = (Flv) And then, calculate A;; if everything equals

zero, except the Eymyyq multiplicators , then, A\ Eymy .y = (ﬁ) o Eymy 1.
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1.3 Simulations

e m; = m,Vt. The price level, the nominal interest rate, and the real
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balance in SS are then:

pe = T+

(753) [ron S (5)
- E) (52

p = i+

P = A +m

re = 1"+ E(pr1 — i)

*

Ty = T

My — Py =M —Yr —m = —r

e m; = mgy + put. The price level, the nominal interest rate, and the real
balance in SS are then:

oy (L _ 3 (2 !
= Ar
Dbi 9 T+ _mt < 11 t1 4
*+ L | + t+i ] J( + 1 (t+ 7))
= r — | |m — | (m
Dt v 1+~ _ 0T H P 1+~ 0T M J
- N ;
. mo + Mo 3524 (1_1_7)
by = ’Yﬁ—i—(m) —i—,ut—i-zg?‘;l (fﬁ)gut
o il
()
1 [ mo(1+7)
b = 'yr*+<—1+7> Hut(l+9)
o j
| 1550 (75)
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po= o () e )+ ) + a1 0)

pe = T+ mo+ ut+ py
pe = (" +p) +mo+ pt
Pr = mt‘f"Y(T*‘i‘N)

re = 1+ Ef(pr1 — D)

re = [y +p)+me+pt+1) = (v (" + p) +mo+ put)]
re = rH+ut+1)—put

re = 1 4+pu

my—p; = mo+put—y(r*+p) —me— ut

my—pe = —y (" +p)

e m; = mg (1 + p)". The price level, the nominal interest rate, and the
real balance in SS are then:

b= () B ) )
poo= <L> mo (1+ 1) | ]

L) |+ (75) mo (L4 )™
no= v ()| g it

T+y) | +22imo () (1 + p)f

00 J

pe = ¥+ (ﬁ) mo (1 +p)' |1 —l—jzl (7((11_1_—1_7/;)) ]
P = 'yr*+<;> mo (1+ ) : ]
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P = ’YT’*—F(;)mo(lJr,u)tl(l—i_'y)]

L+~ L—p
* t 1
pe = " +mo(1+p)
L—p
. 1
pe o= Art+my
L—p
D41 — Dt = AT+ Myq1 —r =y
L—p L —yp
1
Piy1 — Dt = 1—~u (Mg — my)
ol
Pey1 =Pt = M
. t<1—7u>
re = 1"+ E(pe1 — pe)
= 7’*+mt< a >
L—yp
my—pr = mo(1+p)" —yr* m0(1+ﬂ)t< ! >
t— Mt — - -
L—p

Method of U.C. Money Demand and Sup-
ply, Stochastic

Equations
Money Demand : my —py =7+ a(Epir1 — pr) + w
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Money Supply : my = po + pamy_1 + ey
a < 0
lpi| < 1, to solve for p;

2.2 Solution U.C.
Reduced form:

—pr = v+ a(Epe — ) +ur — (o + pamy—1 + )
Pt = —7 — ol +apy — ug + po + pimg1 + e

by = <1ia>(ﬂo—’7)_<1ia>0¢Etpt+1
+<L>u1mt_1+< ! >(et—ut)

11—« 11—«

Hypothesis for the solution of p;:

Dy = Mo + 1M1 + o€ + T3Uy

Pir1 = To+ T1My + Mo€ip1 + M3Up41
Eipir = mo+ mmy

Epiyr = mo+m (o + pamy—1 + e;)

Substitution

Pt = <1ia>(ﬂo—’7)_<1ia>0¢Etpt+1
+<L>u1mt_1+< ! >(et—ut)

11—« -«
1 «
T = <m> (o — ) — <1 — a) (o + m1pto + T pIMy—1 + TiEy)
1 1
* <E> Hamme1 ¥ <1 — a> (er =)

—T1My—1 — T2€y — T3Uy
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Everything equals zero except the cst multiplicators:

_— < 1 >(M0_7)_<M>

l -« 1-a

(1_a)7TO = Mo — 7Y — Qg — Q1o

T = fpo(l—am)—ry

the same for m;_:

o 1
0 = — < > T —1 + <—> H1My—1 — 1M1
l-a 11—«
0 = (75) e (=)
- — -7
1_(){ ﬂ-lul 1_(){ lul 1
0 = —amu +m—m(l-a)
= mlop +(1—a)
Vis e L
! 1—(){—’_0{#1

recalculate m:

T = po(l—am)—ry

M1
— 1 —2r )}
o MO( Oé<1_a+a,ul>> Y

ry = M=)
0 1—(){—’_0{#1
the same for e;:
o 1

0 = _<1_a>7rlet+<1_a>et_ﬂ-2€t
0= () (=)

0 = —am+1-m(l-a)
S 1—0¢7r1:1—04(—“—1_a¢am)

2 1-a) 1—a)
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the same for wuy:

1
0 = <1_a> (—Ut)—ﬂ'gut
0= (=)
a l—a 3
B —1
A l1—a

Rewrite the assumption with the new results:

Py = Mo+ TMy_1 + o€ + T3Uy

_ [ m(d—a) fi1
be = (1—04+oz,u1 7>+<1—a+a,u1>mt_l
+ ! +< _1>
—Je — | u
1l—a+au ! 1—a/) '
l1—a my_
B = ,uo( ) o Him—1
1l—a+awm 1l—a+au
(3 Ut
+<1—oz+ozu1> <1—oz>

_ NO(l_a)+Nlmt—l+et_ _< Uy >
b (1—a+oam) 1 -«

2.3 Simulations

o ¢, =u; =080 my = g+ pymy_q.

my = fo -+ H1mMg—1
my = fo + pi1 (o + pami—2)
me = po + 1 (po + g1 (o + pamy—s))
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me = o+ o + [ Ho + HiMy_s

m, = Ho
1 — M1
1_ p
Dy o ( @)+ (1—?11) _
(1—a+am)
(A—a)(A—pa)+p
o 2 e B
l—atam)
Ho
e = T
)
o ¢; =uy = pig =0 somy = ppg.
D Mo (1 — Od) + pime—1 + e o Ut
(1—a+au) l—a
’ po (1 —a) + papo
(1—a+am)
bt = Mo —%
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