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Envelope theorem

[1 Theorem

M (a) = maxf(x,a)
dM (a) _ Of (=, a)
da B Oa z*=x*(a)

[0 Example, setup

— main variables in a profit maximization problem

p=output price

r=output

w=wage/hour

L=hours worked

R=profit

— firms uses the following profit function, turnover minus cost, which they maximize finding
the optimal output, i.e. the optimal labor demand

v vV VvV VvV V

R(p,x,w, L) = pxr —wlL

— technology is given by the production function
x =L

— firms behave as a price-taker on the labor market
w =1
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— profit function with production function and wage assumption
R(p, L) = pVL — L
— maximize profit * with respect to L, first derivative equals zero; it gives an optimal labor
demand as function of the output price p
1 1 \ p’
O:p§L2—1 — L(p):z
— level of maximized profit (R is called the value function)

R*(p) = max R(p, L) = R(L"(p), p)

2 2 2
R =pVIL — L =p| > -2 =L
4 4 4

— plot of two profit functions, one with a price p = 10 (red line) and one with a price p = 12
( ); note that the fact that L™ and 3™ are the same is random
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Profit 7
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0 Example, question

— how does the optimal profit :** change, when the price p changes?
> if possible, direct calculation

dp_ dp _2
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> otherwise, use the envelope theorem

dR* B OR _ VI
dp Op |«

I* 2
[0 Example, some intuition
— maximized profit, value function
R*(p) = max R(p, L) = R(L"(p), p)
R = pVL*— L*

— differential of the value function

dR* _ OR(L*(p),p) OL"(p) n OR(L*(p), p)

dp OL Op Op

dR™ B OR(L*(p), p) . dR* _ OR

dp Op dp op | *
— applied to the example

dR* B

N|—=

oOL”
—1) a(p>+\/ﬁzo+\/ﬁzg

1, .
T = () .

[0 Application to utility maximization

— value function where w; = ¢; + k¢ + by + my
V(w) = max {u(cy,my) + BV (wit1)} (2.5 walsh)

Ct,kt,bt,mt
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— shorter version
V(w) = maxu
C

— derivates, part of the FOC

Voi = u;
c*=c*(w)
dc
/ / *
Vw — ’LLC(C )d_
w
/ / *
V., =u.(c")
and because we are in optimizing framework, it gives
VvV =
w — U
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